We investigate the possibility of extension of Baire-one functions from subspaces of topological spaces. In particular we prove that any Baire-one function on a Lindelöf hereditarily Baire completely regular space can be extended to a Baire-one function on any completely regular superspace.
Introduction
Much is known on the possibility of extending continuous functions on topological spaces. The classical Tietze theorem asserts that a topological space is normal if and only if any real-valued continuous function on a closed subset can be continuously extended to the whole space. Further,Čech-Stone compactification is defined via extensions of bounded continuous functions. In this paper we investigate possibility of extending Baire-one functions (i.e., pointwise limits of sequences of continuous functions).
This work was inspired by results of the second author [12] . He studied abstract Dirichlet problem for Baire-one functions (i.e., the possibility of extending a Baire-one function defined on the set of extreme points of a compact convex set to an affine Baire-one function on the whole set). Some problems in this area remained open and it turns out to be worthwhile to better understand the situation in general topological spaces.
It is well known that a Baire-one function on a G δ -subset of a metric space can be extended to a Baire-one function defined on the whole space (see [7, §35, VI] ). As a simple example (see Example 18) shows this is not true for general topological spaces. On the other hand, it is easy to prove that this result is true for Lindelöf G δ -subsets of completely regular spaces (see Theorem 10) . However, this result is not satisfactory enough as, within topological spaces, the notion of G δ -set is much more special than within metric spaces. A natural generalization of G δ -sets are (F ∨ G) δ -sets, i.e., sets of the form n (F n ∪ G n ) with each F n closed and G n open. But another example (Example 21) presents a closed Lindelöf subset of a normal space such that the extension result is not valid.
The precise statement of our main result is the following (see Theorem 13) .
Let Y be a Lindelöf hereditarily Baire subset of a completely regular space X and f be a Baire-one function on Y . Then there exists a Baire-one function g on X such that
If X is a hereditarily Baire space and Y ⊂ X is a (F ∨ G) δ -set, it is easy to see that Y is hereditarily Baire as well and thus Theorem 13 is applicable in the particular case of Lindelöf (F ∨ G) δ -subsets of a hereditarily Baire space. In fact, the same is true for a more general class of sets, so-called H δ -sets (i.e., countable intersections of H -sets, see, e.g., [7, §12, II] ). Remark that our main theorem gives some new results even in case of separable metric spaces. For example, the Bernstein set is a hereditarily Baire Lindelöf space which is wildly non-measurable, however any Baire-one function on the Bernstein set can be extended to a Baire-one function on any completely regular superspace (in particular on R).
The most important step in the proof of Theorem 13 is a separation result for countable intersections of cozero sets (Coz δ -sets, see definitions below). Once we have this separation result, we are able to extend mappings of the first Borel class which have values in separable complete metric spaces. This is the content of Section 5.
The last section of the paper is devoted to an application in convex analysis (which motivated our research). Let X be a compact convex subset of a locally convex space and let ext X stand for the set of extreme points of X. We prove in Theorem 30 that any bounded Baire-one function defined on ext X can be extended to a bounded Baire-one function on X provided the set ext X is a Lindelöf space. This fact yields a partial answer to a question left unsolved in [12] as we explain later.
Preliminaries
All topological spaces will be considered as Hausdorff. A subset A of a topological space X is called a zero set if A = f −1 ({0}) for a continuous real-valued function f on X. It is clear that such a function f can be chosen with values in [0, 1]. A cozero set is the complement of a zero set. It is easy to check that zero sets are preserved by finite unions and countable intersections. Hence cozero sets are preserved by finite intersections and countable unions. Countable unions of zero sets will be denoted by Zer σ , countable intersections of cozero sets by Coz δ . Note that any zero set is Coz δ and any cozero set is Zer σ .
Any zero set is closed and G δ , any cozero set is open and F σ . If X is normal, the converse implications hold as well. Completely regular spaces are exactly those in which cozero sets form a basis of the topology.
A real-valued function f on a space X is a Baire-one function (or a function of the first Baire class) if f is a pointwise limit of a sequence of continuous functions on X. As it is well known, the family B 1 (X) of all Baire-one functions on X forms a vector space which contains the space of all continuous functions C(X) and which is closed with respect to the uniform convergence. Moreover, f · g and max(f, g) are Baire-one functions whenever f, g ∈ B 1 (X).
If A is a family of sets in X, a mapping f :
If A is the family of all F σ -sets in X, the mapping f is said to be of the first Borel class.
We recall that a topological space X is a Baire space if the intersection of any sequence of open dense subsets of X is dense in X. If every closed subset of X is also a Baire space, X is said to be hereditarily Baire. A set A ⊂ X is of the first category in X if A can be covered by countably many nowhere dense subsets of X. The complement of a set of the first category in X is a residual set in X.
We will denote by N <N the set of all finite sequences of positive integers, ∅ denotes the empty sequence, |s| the length of the sequence s and s ∧ n the sequence made from s by adding the element n at the end as the last element. For a sequence σ ∈ N N and n ∈ N we write σ n for the sequence (σ 1 , . . . , σ n ). If σ , τ are sequences in N N , we write σ τ if σ n τ n for every n ∈ N. If A is a family of sets in a space X, a set A ⊂ X is said to be the result of the Souslin operation applied on sets from A if there exists a family
If X is a topological space and every set F s , s ∈ N <N , is closed, we simply say that A is a Souslin set.
A topological space X is said to be K-countably determined if X is the image of a set S ⊂ N N under an upper semicontinuous compact-valued mapping. According to [11, 
We remark that any separable metric space or a Souslin subset of a compact space is a K-countably determined space.
If f is a real-valued function on a set X and a ∈ R, we write 
Proof. First observe that the characteristic function χ U of a set U is of the first Baire class whenever U is a cozero subset of X. Indeed, let h : X → [0, 1] be continuous with
is a sequence of continuous functions pointwise converging to χ U .
Further, let A = n U n where each U n is a cozero subset of X. Then, by the previous paragraph, the characteristic function χ U n is a Baire-one function for every n ∈ N. Then
. Moreover, f is Baire-one as it is a uniform limit of Baire-one functions.
Concerning the second assertion, given a couple A and B of disjoint Coz δ -subsets of X, let f 1 and f 2 be Baire-one functions on X with values in [0, 1] such that
Then the function
has the required properties. (If f 1 = lim n g 1 n and f 2 = lim n g 2 n with g i n continuous, then
and thus f is Baire-one.) 2 
Then ϕ • f is an F σ -measurable function from X to R and thus it is of the first Baire class due to Proposition 1. Hence ϕ • f is Zer σ -measurable. Thus
is a Zer σ -set. 2 Proposition 4. Let X be a completely regular space.
Proof. For the proof of (a), given a Lindelöf set A and an open set G with A ⊂ G, using the Lindelöf property we can find a cozero set U such that A ⊂ U ⊂ G. From this observation the assertion (a) easily follows. Since (b) is an immediate consequence of (a), we proceed to the proof of (c). Obviously it is enough to show that any cozero subset of Y is a trace of some cozero subset of X. But this easily follows from the fact that cozero subsets of Y are relatively open and Lindelöf. 2
Later on we will need an information whether a Coz δ -subset of a Lindelöf space is also Lindelöf. Since the so-called Michael space shows that this is not true in general (see Example 22), we have collected below a few conditions ensuring this property.
In particular, any
Proof. Assume that A is a Coz δ -subset of X and X × N N is Lindelöf. Since A is a Souslin subset of X, there exists a closed set H in X × N N such that A = π X (H ) where π X denotes the projection onto the first coordinate (see, e.g., the proof of [5, Theorem 5.2]). As X × N N is Lindelöf, H is Lindelöf as well. Thus A, as the continuous image of a Lindelöf space, is Lindelöf.
Since any subspace of hereditarily Lindelöf space is also Lindelöf (see [3, Exercise 3.7 .B]), we can proceed to the proof of the last assertion.
If X is a K-countably determined space, X × N N , as the product of K-countably determined spaces, is K-countably determined as well. Since any K-countably determined space is Lindelöf (see [11, Section 2.7] ), the proof is completed. 2 Remark 6. A regular Lindelöf space, whose product with N N is not Lindelöf, is called a Michael space and first was constructed by E. Michael in [9] under the Continuum Hypothesis. In Example 22 we use his construction in order to show that there are Coz δ -subsets of a regular Lindelöf space which are not Lindelöf. It is an open question whether it is possible to construct a Michael space in ZFC.
Extension of Baire-one functions
In this section we prove our main result on extending Baire-one functions. We begin by the following proposition showing equivalence of the possibility of extending bounded Baire-one functions and the possibility to separate relative Coz δ -sets. 
and
According to [8, (
So assume that a < b are given. Without loss of generality we may suppose that
Then A and B is a couple of disjoint Coz δ -subsets of Y . By (iii) we can find disjoint Coz δ -sets A and B in X such that A ⊂ A and B ⊂ B. Then Proposition 2 provides a Baire-one function ϕ with the required property (1).
Thus there is a Baire-one function g on X such that t g s. Obviously, g is the sought extension. 2
Next we give a similar characterization of the possibility to extend all Baire-one functions (not necessarily bounded).
Proposition 8. Let X be a topological space and Y ⊂ X. Then the following assertions are equivalent:
we obtain homeomorphism of R onto (−1, 1). The function
is a Baire-one function on Y . Let g be a Baire-one extension of f defined on X. Then
is a Coz δ -set containing Y and disjoint with G. Assume now that f is a (possibly unbounded) Baire-one function on Y . Obviously we may assume that f is nonconstant and thus there is a homeomorphism ϕ :
Then ϕ • f is a bounded Baire-one function on Y , and hence we can find a Baire-one
By setting
we obtain a Coz δ -subset of X which is disjoint with Y . According to the assumption, there is a Coz δ -set H in X such that
Proposition 2 yields the existence of a Baire-one function ψ on X with values in [0, 1] such that ψ = 1 on H and ψ = 0 on G. One can readily verify that
is a Baire-one function on X which satisfies our requirements. This concludes the proof. 2 Remark 9. Let X be an absolute Souslin metric space (i.e., X is a Souslin set in the completion X of X) and Y be a subset of X such that the complement X \ Y is a Souslin set in X. Then any Baire-one function on Y is extensible on X if and only if Y is a G δ -subset of X. Indeed, sufficiency of the condition was already mentioned in the introduction (see also Theorem 10(c)). Concerning the necessity, assume that X \ Y is not an F σ -set in X. Since X \ Y is a Souslin set in X, due to [6, Theorem 2(d)] there exists a compact set F ⊂ X such that F ∩ Y is countable and
Nevertheless, g cannot be extended to a Baire-one function on F because it is impossible to find a couple of disjoint G δ -sets in F containing A and (F ∩ Y ) \ A, respectively. Now we are ready to prove the following theorem on extending Baire-one functions in some easy cases. 
Proof. In all three cases we are going check that the assertion (iii) of Proposition 8 is valid.
(a) In this case the second part is trivial as Y itself is Coz δ . As for the first part, we verify that any Coz δ -subset of Y is Coz δ in X as well. To see this it is enough to observe that a cozero subset of Y is cozero in X. To this end, let A be a cozero subset of X, g :
and f is clearly continuous on X. (b) The first part follows from Proposition 4(c). The second part is trivial as Y is Coz δ by Proposition 4(b).
(c) The both requirements of (iii) in Proposition 8 are obviously fulfilled because any G δ -subset of a metric space is also a Coz δ -set. 2
We continue by a key result on separating disjoint Lindelöf sets which enables us to prove deeper extension results.
Proposition 11. Let A and B be a couple of disjoint Lindelöf subsets of a completely regular space X.
If there is no
Proof. Assume that such a set G does not exist. We set
there exist an open set U x containing x and a Zer σ -set F x such that
If B = B, by the Lindelöf property we may find countably many x n ∈ B, n ∈ N, such that B ⊂ n U x n . Then F := n F x n is a Zer σ -set disjoint with A which covers B. Hence G := X \ F is a Coz δ -set separating A from B, a contradiction with our assumption. Thus B \ B is a nonempty set. We set
We claim that H is the desired set. Since H ∩ B is obviously dense in H , we have to verify that A ∩ H = H .
Assuming the contrary, we may find a point b 0 ∈ B ∩ H and a cozero set U such that b 0 ∈ U and A ∩ H ∩ U = ∅, in other words, A ∩ U ⊂ U \ H . For every a ∈ A ∩ U we find a cozero set V a containing a such that V a ∩ H = ∅. Since A ∩ U is Lindelöf, we can select countably many a n ∈ A ∩ U , n ∈ N, so that
V a n is a cozero set containing A ∩ U which is disjoint with H . Since B ∩ V ⊂ B, for every b ∈ B ∩ V we use the property (2) 
is a Zer σ -set which does not intersect A and does cover B ∩ U . Thus b 0 is contained in B which is a contradiction.
Hence A ∩ H is dense in H and the proof is finished. 
Proof. We claim that we can consider the space X to be even compact. Indeed, let βX stand for theČech-Stone compactification of X and B = n B n where B n = f −1 n (R \ {0}), n ∈ N, for some bounded continuous functions f n on X. We denote by f n the continuous extension of f n on βX. Then
is Coz δ -subset of βX disjoint with A. If we are able to separate A from B by a Coz δ -subset G of βX, the trace G ∩ X is a Coz δ -subset of X separating A from B. This justifies our additional hypothesis that X is a compact space.
We assume that such a set G is impossible to find. Since B is a Lindelöf subset of X due to Proposition 5, Proposition 11 provides a nonempty closed set H ⊂ X such that
Then H ∩ B is a dense G δ -set in H and thus it is a residual set in H . Hence H ∩ A is of the first category in H and consequently H ∩ A is of the first category in itself. (Note that for any set F ⊂ H nowhere dense in H the set F ∩ A is nowhere dense in A.) But this contradicts the fact that H ∩ A is a Baire space. Thus our assumption is false which concludes the proof. 
Proof. It is enough to check that the assertion (iii) of Proposition 8 is satisfied. The first part follows again from Proposition 4(c). The second part is a consequence of Proposition 12. 2
Since any (F ∨ G) δ -subset of a hereditarily Baire space is also hereditarily Baire, we get the following corollary.
Corollary 14. Let Y be a Lindelöf (F ∨ G) δ -subset of a hereditarily Baire space X. Then any Baire-one function f on Y can be extended to a Baire-one function g on X so that f = g on Y , inf f (Y ) = inf g(X) and sup f (Y ) = sup g(X).
Remark 15. One is tempted to investigate the question whether every Lindelöf (F ∨ G) δ -set is even a Coz δ -set. An affirmative answer would yield an easier proof of Corollary 14. But this is not true since the "one-point lindelöfication" X := {ω} ∪ Y of an uncountable discrete space Y is of type F ∪ G in theČech-Stone compactification βX of X and X is not a K-countably determined space (cf., e.g., [4] ), in particular, X is not a Coz δ -subset of βX.
The result of Corollary 14 holds also for a more general class of so-called H δ -sets. These are countable intersections of H -sets. Properties of H -sets are described for example in [7, §12, II] . Let us recall one of the equivalent definitions. A set A ⊂ X is a H -set if for any nonempty B ⊂ X there is a nonempty relatively open set V ⊂ B such that either V ⊂ A or V ∩ A = ∅. It is easy to check that the family of H -sets is an algebra containing open sets, and hence any (F ∨ G) δ -set is H δ . H -sets can be described explicitly as scattered unions of sets of the form F ∩ G with F closed and G open. One can readily verify that any H δ -subset of a hereditarily Baire space is again hereditarily Baire, hence (F ∨ G) δ can be replaced by H δ in Corollary 14.
We now formulate one more theorem on extending of Baire-one functions.
Theorem 16. Let X be a Lindelöf completely regular space such that its each Coz δ -subset is Lindelöf. Let Y be a Lindelöf H -subset of X. Then any Baire-one function f on Y can be extended to a Baire-one function
g on X so that f = g on Y , inf f (Y ) = inf g(X) and sup f (Y ) = sup g(X).
In particular it is true if Y is Lindelöf and belongs to the algebra generated by open sets in X.
Proof. We need to check that the condition ( Remark 17. Note that the proof of Theorem 16 for a closed set Y can be carried out in an easier way. Since the first condition of Proposition 8(iii) is satisfied due to Proposition 4(c), we need to verify that, given a Coz δ -set G ⊂ X disjoint with Y , there is a Coz δ -set containing Y and disjoint with G. To this end, for each x ∈ G we find a cozero set U x containing x and disjoint with Y . As G is supposed to be Lindelöf, there are countably many points x n ∈ G, n ∈ N, such that G ⊂ n U x n . If we denote the union by U , we get a cozero set such that G ⊂ U ⊂ X \ Y . Hence X \ U is the required Coz δ -set.
Counterexamples and questions
In this section we collect several examples showing that the assumptions of our main theorem cannot be weakened in some natural ways. We also collect some questions which are, up to our knowledge, open.
First we show by a trivial example that the Lindelöf property of Y cannot be omitted (even if Y is discrete and hence locally compact and paracompact). One may further ask for which spaces it is possible to extend Baire-one functions on their closed subsets. As continuous functions can be continuously extended from closed subsets of normal spaces, it is natural to ask whether the same is true for Baire-one functions. The following two examples show that this is not the case.
Example 21. There exists a closed Lindelöf subset F of a Baire paracompact (and hence normal) space X such that it is not possible to extend every bounded Baire-one function on F to a Baire-one function on X.
Proof. Let X be the union of F and G, where
We let G to be open in X and discrete and neighbourhoods of a point (p, 0) ∈ F are of the form
where K is a finite set and δ > 0.
Then X is clearly regular and F is its closed Lindelöf subset. Since X is a subspace of the Alexandroff double of the unit interval (see [3, Example 3.1.2]), X is paracompact. Moreover, G is a dense Baire set in X and hence X is a Baire space as well.
Let A be a dense subset of F such that B := F \ A is also dense. Let U be any open set in X which contains A. Then it is easy to see that U ∩ G contains a dense G δ -set in the Euclidean topology of G. Thus any pair of G δ -sets containing A and B, respectively, cannot be disjoint. Proposition 7 thus finishes the proof. 2 Example 22. Under the Continuum Hypothesis there exists a closed subset F of a regular Lindelöf space X and a bounded Baire-one function on F which has no Baire-one extension on X.
Proof. The unit interval I is viewed as a compactification of N N by adding a countable set Q. Assuming the Continuum Hypothesis, there are only ω 1 many compact subsets of N N . Let {D ξ } ξ<ω 1 be their enumeration. Set
Then X ξ is a dense G δ -subsets of I for every ξ < ω 1 and X ω 1 = Q. Set
with the topology of the product [0,
We claim that X is Lindelöf. Indeed, let U be an open cover of X consisting of open rectangles. We find a countable subfamily U 0 of U such that
and each element of U 0 intersects {ω 1 } × X ω 1 . It follows from the definition of the product topology that there exists η < ω 1 so that
Let U be the subset of I defined as the projection of U 0 onto I . Then I \ U is a compact subset of N N and thus there exists an ordinal number ξ < ω 1 such that
Then {α} × X α is covered by U 0 for every α ∈ (max(ξ, η), ω 1 ]. It is easy to select a countable subfamily U 1 from U such that {β} × X β is covered by U 1 for every β ∈ [0, max{ξ, η}]. Thus the family U 0 ∪ U 1 is the sought countable subcover of U and X is Lindelöf. Now we are going to find a bounded Baire-one function f on a closed set
which is not extensible to a Baire-one function on X. To this end, let D be a dense subset of Q such that its complement is dense as well. We claim that the characteristic function of {ω 1 } × D is not extensible to a Baire-one function on X. Let G be an open set in X satisfying
We find countably many open rectangles (ξ n , ω 1 ] × U n , U n open in I , so that
Set ξ := sup n ξ n and note that
Thus for every η ∈ [ξ, ω 1 ), the set
is open in {η} × X ξ and, moreover, it is a dense subset of {η} × X ξ because D is a dense subset of I . It follows from the previous considerations that for any
Since X η is a Baire space for every η < ω 1 , it is impossible to find a pair of disjoint G δ -sets containing {ω 1 } × D and {ω 1 } × (Q \ D), respectively. This concludes the proof using Proposition 7. 2
Remark 23. Note that the set
is a Coz δ -subset of the space X from the previous example which is not Lindelöf. Indeed, open sets
form an open cover of A which has no countable subcover.
Remark 24. The statement of Example 22 remains valid under a weaker set-theoretical assumption d = cov(M). We can just use the space constructed in the proof of Theorem 1.2 of [10] . In fact, it follows from this result of [10] that there exists a Baire-one function on a closed subset of a regular Lindelöf space which is impossible to extend to a Baire-one function on the whole space provided there is a Michael space X such that the smallest cardinality of an open cover of X × N N without a countable subcover is regular. It seems not to be clear whether the existence of such an example can be deduced just from the existence of a Michael space.
The following example shows that it is not possible to extend a Baire-one function from a hereditarily Baire zero set if the space X is not normal.
Example 25. There is a completely regular space X, a hereditarily Baire zero set Y ⊂ X and a bounded continuous function on Y which cannot be extended to a Baire-one function on X.
Proof. Take X to be the Niemytzki plane (see [ 
Extension of mappings of the first Borel class
The aim of this section is to show that once it is possible to extend Baire-one functions from a subspace, the extension theorems of Section 3 can be obtained even for F σ -measurable mappings with values in Polish spaces.
We start with the following easy result known as the reduction principle (see the proof of [7, §26, 
II, Theorem 1]).
Proposition 26. Let A be an algebra of subsets of a set X and {F n : n ∈ N} be a cover of X consisting of sets from A σ (this is the family of all countable unions of elements of A). Then there exists a partition {H n : n ∈ N} of X such that H n ∈ A σ and H n ⊂ F n for each n ∈ N.
We will need the following concrete form of this proposition.
Proposition 27. Let {F n : n ∈ N} be a cover of a space X consisting of Zer σ -sets. Then there exists a partition {H n : n ∈ N} of X consisting of Zer σ -sets such that H n ⊂ F n for every n ∈ N.
Proof. We apply Proposition 26, where the role of the algebra A is played by the family of sets which are both Zer σ and Coz δ . (Note that this family is an algebra and that any zero set belongs to this family. 
Proof. As f (Y )
is again Polish we may suppose that P = f (Y ). We fix on P a compatible complete metric ρ such that the diameter P with respect to ρ is smaller than 1.
Let Such a family is easy to construct in any separable metric space with the diameter less than one.
We will construct by induction Zer σ -subsets
To start the construction set H ∅ := X. Fix n 0 and assume that the sets H s have been constructed for every s ∈ N <N with |s| n. Let
As H s is Zer σ and f is Zer σ -measurable, these sets are Zer σ -subsets of Y . Moreover, it easily follows from conditions (b) and (e) that
is a covering of Y . Applying the reduction principle of Proposition 27 we obtain a partition
Fix a sequence s ∈ N <N of length n. For every k ∈ N, let U s ∧ k be a Coz δ -subset of X such that 
are Coz δ -sets in X which satisfy
It is easy to verify that
is a covering of H s consisting of sets which are Zer σ in X. Applying the reduction principle of Proposition 27 to the covering { H s ∧ k : k ∈ N} we obtain a partition {H s ∧ k : k ∈ N} of H s consisting of Zer σ -sets in X such that
It easily follows that
is the required partition of X. This completes the construction. Now, for any n ∈ N ∪ {0} define g n : X → P by the formula
Then each g n is clearly a Zer σ -measurable mapping. Obviously the mappings g n , n = 0, 1, . . . , form a uniformly Cauchy sequence. As (P , ρ) is complete, this sequence converges uniformly to a mapping g : X → P . As a uniform limit of Zer σ -measurable mappings it is Zer σ -measurable (see the proof of [7, 2, §31, VIII, Theorem 2]). Finally, g = f on Y by conditions (e) and (c). 2
As a corollary we obtain the following theorem. Proof. This follows from Proposition 28 and the respective theorems of Section 3 using, moreover, Proposition 3 together with the well-known fact that any regular Lindelöf space is normal. 2
Extension of Baire-one functions on compact convex sets
The aim of this section is to prove an analogue of the results of Section 3 in a particular case of extending Baire-one functions from the set ext X of all extreme points of a compact convex set X. Proof. For the proof we need to check the validity of condition (iii) in Proposition 8. The first part follows from Proposition 4(c). Thus we have to check the second part. To this end, let C be a Coz δ -subset of X disjoint with ext X. It suffices to find a Coz δ -set B with ext X ⊂ B ⊂ X \ C.
Suppose that such a set B does not exist. As C is Lindelöf (by Proposition 5), Proposition 11 provides a nonempty closed set H ⊂ X so that
As C is Coz δ , it is in particular a G δ -set. Write C = n G n where {G n } is a decreasing sequence of open subsets of X. Without loss of generality we may assume that X \ G 1 = ∅. Thanks to (3), each G n ∩ H is a dense relatively open subset of H , and hence G n ∩ H ∩ ext X is dense in H for every n ∈ N. We will construct by induction continuous affine functions f n on X and points x n ∈ ext X ∩ H such that, for every n ∈ N,
In the first step of the construction we find a point Therefore f (x 0 ) 0. By (a) we get that x 0 ∈ G n for each n ∈ N. Thus x 0 ∈ C but this contradicts the assumption that C ∩ ext X = ∅. This finishes the proof. 2
Remark that it is not clear whether this result is a direct consequence of Theorem 13. It is well known that ext X is always a Baire space (in fact, an α-favorable space, see [2, Theorem 27.9] ). However, in general ext X need not be hereditarily Baire as the following folklore example shows (see, e.g., [13, Corollary 2] ).
Example 31. Any completely regular space is homeomorphic to a closed subset of ext X for some convex compact set X. However, by the method of the previous example we cannot get any example of a compact convex set X with ext X Lindelöf but not hereditarily Baire. Therefore the following question seems to be natural.
Question 5.
Let X be a compact convex set in a locally convex space with ext X Lindelöf. Is then ext X hereditarily Baire?
Note that the answer is positive if ext X is K-countably determined. Indeed, in this case the set ext X is of type (F ∨ G) δ as Talagrand proved in [14, Théorème 2] .
The question of extending bounded Baire-one functions from ext X to affine Baire-one functions on X was studied in [12] . 
